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TUBULAR JACOBIAN ALGEBRAS
CHRISTOF GEISS AND RAU´L GONZA´LEZ-SILVA
Abstract. We show that the endomorphism ring of each cluster tilting object
in a tubular cluster category is a finite dimensional Jacobian algebra which is
tame of polynomial growth. Moreover, these Jacobian algebras are given by a
quiver with a non-degenerate potential and mutation of cluster tilting objects
is compatible with mutation of QPs.
1. Introduction
Tubular cluster algebras were introduced in [1] as a particular class of mutation
finite cluster algebras. Their common feature is that they admit an additive cat-
egorification by a tubular cluster category of the corresponding type. Recall that
tubular cluster categories are by definition of the form CX = D
b(coh(X))/〈τ−1[1]〉,
where cohX is the category of coherent sheaves on a weighted projective line of
tubular weight type i.e. (2, 2, 2, 2;λ), (3, 3, 3), (4, 4, 2) and (6, 3, 2), see [10]. It fol-
lows from [15] that CX is a triangulated 2-Calabi-Yau category which admits a
cluster structure [2]. Moreover, in these cluster categories the indecomposable rigid
objects are in bijection with the positive real Schur roots of the corresponding el-
liptic root system. Via the cluster character indecomposable rigid objects are in
bijection with cluster variables [1].
It is not hard to derive from known (non-trivial) results that in this situation
the endomorphism ring of each cluster tilting object can be described as Jacobian
algebra via an rather explicit quiver with potential, and the mutation of cluster
tilting objects is compatible with the mutation of QPs in the sense of [4]. See
Section 2.5 for precise statements and proofs. In particular, the fact that for tubular
cluster categories the exchange graph of cluster tilting objects is connected [2,
Prp. 8.6], makes the statements (b) and (c) of Proposition 2.5.2 straightforward
and convenient.
Finally, recall from [17, Section 2.1] that for a cluster tilting object T ∈ CX we
have EndC(T )
op-mod ∼= C/ addT . In particular, the Auslander-Reiten quiver of
these algebras consists just of tubular families of the corresponding weight type,
with all but finitely many tubes being stable.
Since the tubular cluster categories are orbit categories of derived tame categories
in the sense of [11], this suggests strongly that all these algebras are tame. In fact,
this is our main result:
Theorem 1. Let K be an algebraically closed field, CX a tubular cluster category
over K as above and T ∈ CX a basic cluster tilting object, then the endomorphism
ring EndCX(T ) is a finite dimensional Jacobian algebra which is tame of polynomial
growth.
Both authors acknowledge partial support from CONACYT Grant No. 81948.
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Our strategy is as follows: by Proposition 2.5.2 all the tubular Jacobian algebras
of a given tubular type are given explicitly by non-degenerate QPs and connected
via QP-mutations. Since the representation type of Jacobian algebras is preserved
under mutation [13], it is sufficient to show for each tubular type that the endo-
morphism ring of a single cluster tilting object, is tame (of polynomial growth).
We display in Figure 1 the list of representatives for which we are going to show
tameness explicitly. More precisely, (Q(1),W (1)) corresponds to the tubular type
(3, 3, 3); (Q(2),W
(2)
λ ) corresponds to the tubular type (2, 2, 2, 2;λ), (Q
(3),W (3))
corresponds to tubular type (4, 4, 2) and (Q(4),W (4)) corresponds to tubular type
(6, 3, 2).
For each of these representatives we provide a Galois covering coming from the
natural Z-grading, which turns out to be iterated tubular in the sense of de la
Pen˜a-Tome´. This provides in each case a quite explicit description of the inde-
composables of this covering, see Section 2.2. Since iterated tubular algebras are
locally support finite, we obtain also a precise description of the indecomposables
of our tubular Jacobian algebra by a well-known result of Dowbor and Skowron´ski,
see Theorem 2.3.2.
In fact, we see from the description in Proposition 2.5.2 (a) that all tubular
Jacobian algebras admit a Galois covering without oriented cycles. We conjecture
that this covering is always iterated tubular. This is easy to verify directly for the
tubular type (2, 2, 2, 2;λ) since there are only four families of Jacobian algebras
of this type. See also Remark 2.5.3 (2) for more information about this slightly
unusual case. However, for type (6, 3, 2) there are a priory several thousand cases
to be analyzed.
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Figure 1. Representatives of tubular QPs
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2. Preliminaries
2.1. Grothendieck group. Let K be an algebraically closed field.
Definition 2.1.1. Let A be a tame (representation-infinite) connected and heredi-
tary K-algebra and AT a preprojective tilting module. The algebra B := End(AT )
is called a tame concealed algebra.
Let B be a tame concealed algebra, K0(B) its Grothendieck group and CB
its Cartan matrix [18, 2.2.4]. K0(B) is a free abelian group which has a natural
basis consisting of the classes of the simple B-modules S1, S2, . . . Sn. Via this
basis we identify K0(B) with Z
n. Consequently, we identify the dimension vector
dimM ∈ Zn of a finite dimensional B-module M with its class in K0(B). For
typographic reasons we interpret the elements of Zn as row vectors. In this setting,
the Cartan matrix CB is invertible and we consider Ringel’s bilinear form 〈 , 〉 on
K0(B) given by
〈x, y〉 = xC−TB y
T .
Recall that we have 〈dimM, dimN〉 =
∑2
i=0(−1)
i dimExtiB(M,N) for all finite
dimensional B-modules M and N since gl. dim(B) ≤ 2. We denote by χB the
quadratic form given by χB(x) = 〈x, x〉. It is well known that χB is non-negative.
Thus the radical of χB is the subgroup {r ∈ K0(B) | χB(r) = 0}. It is well-known
that the χB has corank 1, i.e. the radical of χB has rank 1.
For our purpose an indecomposable B-module M is regular, if τ iM 6= 0 for all
i ∈ Z.
Finally Φ := −C−TB CB is the Coxeter transformation on K0(B).
Remark 2.1.2. Since gl. dim(B) ≤ 2, the matrix C−TB codifies arrows and minimal
relations for B, i.e. (C−TB )i,j is equal to the number of relations starting at j and
ending at i minus the number of arrows starting at j and ending at i.
We collect from [18] the following well-known results:
Proposition 2.1.3. Let B be a tame concealed algebra, then:
a) There exists unique positive generator h of the radical of χB , i.e. h = dimR
for R an indecomposable (regular) B-module and radχB = Zh. Then an indecom-
posable B-module M is regular if and only if 〈h, dimM〉 = 0.
b) dim(τM) = (dimM)Φ, for any indecomposable regular B-module, where τ is
the AR-translate.
c) An indecomposable regular B-module M is simple regular if
m−1∑
i=0
(dimτ iM) = h, where m is the τ-period of M .
For (a) see [18, Thm. 4.3 (3)]. (b) follows from [18, 2.4 (4)] since the regular
modules over a tame concealed algebra have projective dimension 1 [18, 3.1 (5)]. (c)
follows with (b) by tilting from the corresponding statement about regular modules
over tame hereditary algebras. In this case it can be verified by direct inspection,
see for example [7, sec. 6].
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2.2. Tubular and iterated tubular algebras. A tubular algebra is a tubular
extension of a tame concealed algebra of extension type (2, 2, 2, 2), (3, 3, 3), (4, 4, 2)
or (6, 3, 2) in the sense of [18, page 230]. Note that the global dimension of a tubular
algebra is always 2, see [18].
Let T ∈ {(2, 2, 2, 2), (3, 3, 3), (4, 4, 2), (6, 3, 2)} and let A be a tubular algebra of
tubular type T. By definition, it can be viewed as an extension of a tame concealed
algebra A0 and also as a coextension of a tame concealed algebra A∞ [18, pages
268-269].
Let h0, respectively h∞, be the positive radical generator of K0(A0), respectively
of K0(A∞). If M is an indecomposable A-module, we define:
index(M) = −
〈h0, dimM〉A
〈h∞, dimM〉A
∈ Q ∪ {∞}
For γ ∈ Q>0, let Tγ be the module class given by all the indecomposable A-modules
with index γ. The module class Tγ is a sincere stable tubular P
1(k)-family of type
T. [18, Thm. 5.2 (2)]
The following theorem [18, Thm. 5.2 (4)] describes the structure of A-mod.
Theorem 2.2.1 (Ringel). Let A be a tubular algebra of type T. Then A-mod has
the following components: a preprojective component P0 (the same as for A0), for
each γ ∈ Q≥0 ∪ {∞} a separating ([18, sec. 3.1]) tubular P
1(k)-family Tγ, all but
T0 and T∞ being stable of type T, and a preinjective component Q∞.
The following figure helps us to visualize the structure of A-mod:
P0
...
...
T0
..
..
...
...
T1
...
...
..
..
T∞
...
...
Q∞
Here, non-zero maps between different classes go only from left to right; given in-
decomposable modules X and Y with Hom(X,Y ) 6= 0, then either X and Y belong
to the same component, or X ∈ P0, or X ∈ Tγ and Y ∈ Tδ and γ < δ, or Y ∈ Q∞.
Let Λ = KQ/I a basic finite-dimensional K-algebra, presented as a path algebra
modulo an admissible ideal. By some abuse of notation we say that Λ′ ⊂ Λ is a
convex subalgebra if for some convex subset I ⊂ Qo and e =
∑
i∈I ei we have Λ
′ =
eΛe. Suppose that Λ has convex subalgebras Λ1,Λ2, . . . ,Λm and A2, A3, . . . , Am
such that the following holds:
• Λi is a tubular algebra for i = 1, 2, . . . ,m,
• Ai ⊂ Λi−1 ∩ Λi is a tame concealed algebra for i = 2, . . . ,m,
• Λi−1 =
si
j=1[E
−
i,j ]Ai is a tubular co-extension and Λi = Ai[E
+
i,j ]
ti
j=1 is a
tubular extension for i = 2, . . . ,m,
• Λ = Λ1 + Λ2 + · · ·+ Λm.
• If R is an indecomposable projective or indecomposable Λ-module, then
supp(R) is contained in some Λi if R is not projective-injective, otherwise
supp(R/ soc(R)) is contained in some Λi.
Then, following de la Pen˜a and Tome´ [6], Λ is called an iterated tubular algebra.
Let in this situation A0 ⊂ Λ1 and Am+1 ⊂ Λm be convex, tame concealed algebras
TUBULAR JACOBIAN ALGEBRAS 5
such that Λ1 = A0[E
+
0,j ]
t0
j=1 is a tubular extension and Λm =
sm+1
j=1 [E
−
m+1,j ]Am+1 a
cotubular extension. From the considerations in [6, Sec. 2] we obtain the following
description of (Λ/S)-mod, where S ⊂ Λ is the ideal which is spanned by the socles
of indecomposable projective-injective modules. Note that that the preprojective
injective modules are the only indecomposable modules which are not killed by S.
(Λ/S)-mod = P0 ∨ T0[E
+
0,j ]
t0
j=1∨
m∨
i=1

 ∨
γ∈Q>0
Ti,γ ∨
si
j=1 [E
−
i,j ]Ti[E
+
i,j ]
ti
j=1

 ∨ sm+1j=1 [E−m+1,j ]Tm+1 ∨Qm+1,
where
• P0 is the preprojective component of A0,
• Ti is the separating tubular family of Ai for i = 0, 1, . . . ,m+ 1,
• Ti,γ is the separating tubular family of index γ of Λi for i = 1, 2, . . . ,m and
• Qm+1 is the preinjective component for Am+1.
In particular, Λ is tame of polynomial growth and the support of any indecom-
posable module is contained in Λi + Λi+1 for some i. Note, that our definition is
slightly more restrictive than the one proposed by de la Pen˜a and Tome´ in that we
avoid branch extensions. This definition is sufficient for our purpose.
2.3. Galois Coverings. In this section we use the functorial approach to repre-
sentation theory of algebras [9].
We consider algebras as locally boundedK-categories [9, Sec. 1.1]. Thus, if B is a
finite dimensional basic K-algebra with 1B = e1+· · ·+en a decomposition of the 1B
into primitive orthogonal idempotents, we identify B with a category with objects
{1, 2, . . . , n} and morphism spaces B(i, j) := ejBei. Under this identification, B-
left modules correspond to K-linear functors from B to the category of K-vector
spaces.
Given a locally bounded K-category A and a group G acting freely on A by
K-linear automorphisms we denote by A/G the orbit category. In this setting the
canonical projection F : A → A/G is by definition a Galois covering [9, Sec. 3].
Associated to F we have the “push-down” functor Fλ : A-mod → (A/G)-mod,
given by
(FλM)(a) =
∐
x∈F−1(a)
M(x)
for each object a in A/G and the obvious action of morphisms.
Remark 2.3.1. For us is the following, well-known construction of Galois coverings
important: Suppose that the locally bounded basic K-category B is Z-graded,
i.e. we have B(x, y) = ⊕k∈ZB(x, y)k and for f ∈ B(x, y)k and g ∈ B(y, z)l we have
g ◦f ∈ B(x, z)k+l. Then we can define a category B˜ with obj(B˜) = obj(B)×Z and
B˜((x, k), (y, l)) := B(x, y)l−k. The group Z acts freely on B˜ by translations. On
objects of B˜ the action is given by g · (x, k) := (x, g + k). Clearly we can identify
the orbit category B˜/Z with B. The canonical projection is then identified with
the functor F : B˜ → B, which sends (x, k) to x and B˜((x, k), (y, l)) to B(x, y)l−k ⊂
B(x, y).
For any A-module M , we will denote by suppM the support of M , that is, the
full subcategory of A formed by all objects x such that M(x) 6= 0. For each object
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x in A, denote by Ax the full subcategory of A consisting of all the objects in
suppM , where M is any indecomposable module with x in suppM . We say that
A is locally support-finite if for every object x in A, the number of objects in Ax is
finite.
From [8] we have the following:
Theorem 2.3.2 (Dowbor-Skowron´ski). Let A be a locally support-finite K-cate-
gory and let G be a free abelian group acting freely on A. Assume that the action
of G on the isoclasses of indecomposable finitely generated A-modules is free. Then
A/G is locally support-finite and the push-down functor Fλ : A-mod→ (A/G)-mod
induces a bijection between the G-orbits of isoclasses of indecomposable objects in
A-mod and the isoclasses of indecomposable objects in (A/G)-mod. In particular,
A is representation-tame if and only if A/G is so.
Remark 2.3.3. The theorem in [8] is more general than the theorem above. We
state it here in this form which is sufficient for our work.
2.4. Jacobian algebras. In this subsection, we briefly recall the definition of Ja-
cobian algebras. For more details see [4].
Let Q be a quiver without loops and oriented 2-cycles, and denote by K〈〈Q〉〉
the complete path algebra of the quiver Q. Let K〈〈Q〉〉cyc be the completion of the
subspace spanned by all the oriented cycles in Q.
A potential in Q is an element W ∈ K〈〈Q〉〉cyc, i.e. a possibly infinite linear
combination of cycles.
For any arrow a ∈ Q1, define a continuous linear map ∂a : K〈〈Q〉〉cyc → K〈〈Q〉〉,
called the cyclic derivative, which acts on oriented cycles by
∂a(a1 · · · · · ad) =
∑
p:ap=a
ap+1 . . . ada1 . . . ap−1
Given a potential W in Q, the Jacobian ideal J (W ) of W is the closure of the ideal
in K〈〈Q〉〉 which is generated by the elements ∂a(W ) with a ∈ Q. The Jacobian
algebra, denoted by P(Q,W ), is the factor algebra K〈〈Q〉〉/J (W ).
Remark 2.4.1. Let Q be a quiver without oriented 2-cycles, and W a potential for
Q which is finite linear combination of cycles. Thus, for each arrow a of Q we have
∂aW ∈ KQ. In this case we may consider J
′(W ), the ideal of the (non complete)
path algebraKQ which is generated by the cyclic derivatives ∂aW for all arrows a of
Q. Clearly, J ′(W ) is contained in the ideal ofKQ which is generated by the arrows.
Suppose moreover that for some m ∈ N each path in Q of length greater than m
belongs to J ′(W ). Then it is not hard to see that the (finite dimensional) algebra
KQ/J ′(W ), which we call fake Jacobian algebra, is isomorphic to the Jacobian
algebra P(Q,W ). This will occur for all the Jacobian algebras which are studied
explicitly in this paper.
2.5. Cluster tilted algebras of tubular type as Jacobian algebras. Let X
be a weighted projective line of tubular type and pi : coh(X) → CX the canonical
projection. It is easy to see that for each (basic) cluster tilting object T = ⊕ni=1Ti ∈
CX there exists up to isomorphism a unique (basic) tilting sheaf T˜ = ⊕
n
i=1T˜i ∈
coh(X) with pi(T˜ ) ∼= T . In this situation, let us write the basic tubular algebra A :=
Endcoh(X)(T˜ )
op as a path algebra modulo an admissible ideal, say A ∼= KQT˜/IT˜ .
We may assume that the vertex i of QT˜ corresponds to the summand T˜i of T˜ , and
that I is generated by a minimal set of readable relations ρ1, . . . , ρm. In particular,
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each ρi is a linear combination of paths from si to ti in QT˜ . Let QT be the quiver
obtained from QT˜ by inserting a new arrow ai : ti → si for i = 1, . . . ,m. Then
WT :=
∑r
i=1 ρiai is a potential for QT , and we observe that QT has a no loops or
oriented 2-cycles since QT˜ has no oriented cycles.
Remark 2.5.1. The QPs described in Figure 1 are obtained by the just mentioned
construction. In each case, if we delete the arrows which point from left to right,
we obtain the quiver Q˜ of a tubular algebra A. If we write A = KQ˜/I then I is
generated by relations ρ1, . . . , ρm, one relation for each deleted arrow.
Proposition 2.5.2. Let X be a weighted projective line of tubular type and T ∈ CX
a basic cluster tilting object. Then we have:
(a) EndCX(T )
op ∼= P(QT ,WT ) for the above described quiver with potential
associated to T .
(b) Let for k = 1, . . . , n be T ′k ∈ CX be the unique object such that µk(T ) :=
T/Tk ⊕ T
′
k is a basic cluster tilting object not isomorphic to T . Then
the QP-mutation µk(QT ,WT ), as defined in [4, Sec. 5], is right equiva-
lent to (Qµk(T ),Wµk(T )). In particular, the above mentioned QPs are non-
degenerate.
(c) (QT ,WT ) can be obtained from one of the QPs described in Figure 1 by a
finite sequence of QP-mutations.
Proof. (a) A is of global dimension 2, moreover the derived categories Db(A-mod)
and Db(coh(X)) are triangle equivalent. Since coh(X) is a hereditary category, the
cluster category CA can be identified naturally with CX [15, Thm. 1]. Now, our
claim follows from [16, Thm. 6.12a)].
For the proof of (b) we have to distinguish two cases.
(b1) X is of type (2, 2, 2, 2;λ). There are only relatively few families (which depend
on the parameter λ ∈ K \ {0, 1}) of tubular algebras of type (2, 2, 2, 2;λ). They
were listed for example in [19, 3.2]. It is straightforward to check that they yield the
four quivers with potential described in [12, p.117]. It is an easy exercise to see that
the corresponding Jacobian algebras (for λ ∈ K \ {0, 1}) are finite-dimensional and
(weakly) symmetric. In particular, for each cluster tilting object T ∈ CX the en-
domorphism ring EndCX(T )
op fulfills trivially the vanishing condition (Ck) from [3,
p. 855] for each vertex k of its quiver. Thus the claim follows from [3, Thm. 5.2].
(b2) X is of type (3, 3, 3), (4, 4, 2) or (6, 3, 2). In this case, it was pointed out in [1,
Sec. 3.2] that CX is triangle equivalent to a stable category CM for a certain Frobe-
nius category CM , which is a subcategory of the module category a preprojective
algebra of Dynkin type. See [1, Sec. 3.1] for more details on the definition of CM .
(In the cases (3, 3, 3) resp. (6, 3, 2) one takes for CM the full category of finite di-
mensional modules over a preprojective algebra for a quiver Q′ of type D4 resp. A5.
In case (4, 4, 2) the category CM is a proper subcategory of the module category
of a quiver Q′ of type A7. However, we don’t need the specific description here.)
The categories CM are up to duality special cases of the categories Cw discussed
in [3, Sec. 6]. More precisely, w is the element of the Coxeter group associated to
Q′ which sends precisely those positive roots for Q′, which are of the form dimM ′
for an indecomposable direct summand M ′ of M , to a negative root. For example,
in the cases (3, 3, 3) and (6, 3, 2) the element w would be the longest element of the
Coxeter group. Thus, by combining (a), [3, Cor. 5.4] and [3, Thm. 6.6] we see that
the claim holds for all cluster tilting objects T which are in the mutation class of
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one of the canonical cluster tilting objects associated to a reduced expression for w.
Finally, for a tubular cluster category the exchange graph of cluster tilting objects
is connected [2, Thm. 8.8], so that our claim holds for all cluster tilting objects.
(c) This is clear by (a) and (b) together with the just mentioned connectedness
of the exchange graph of cluster tilting objects for tubular cluster categories. 
Remark 2.5.3. (1) Proposition 2.5.2 provides for tubular Jacobian algebras a de-
scription similar the the well known description of cluster tilted algebras of acyclic
type. It would be nice to have a more elementary proof for this result.
(2) LetX andX′ be weighted projective lines of type (2, 2, 2, 2;λ) resp. (2, 2, 2, 2;λ′).
It is well known that coh(X) and coh(X′) are equivalent abelian categories iff
Db(coh(X)) and Db(coh(X′)) are triangle equivalent iff CX and CX′ are triangle
equivalent iff λ′ ∈ O(λ) := {λ, λ−1, 1 − λ, 1 − λ−1, (1 − λ)−1, λ
λ−1}, see also [14,
p. 157]. This fact is reflected by the following observation: two QPs (Q(2),W
(2)
λ )
and (Q(2),W
(2)
λ′ ) (from Figure 1) are in the same (per-) mutation class of QPs iff
λ′ ∈ O(λ). However, the corresponding Jacobian algebras are only isomorphic if
λ′ ∈ {λ, λ−1}. See also [13, 9.9] for more results of this kind. The cumbersome
calculations will appear elsewhere.
3. Galois Coverings of tubular Jacobian algebras
3.1. General setup. Set from now on W (2) :=W
(2)
λ for a fixed λ ∈ K \ {0, 1}. In
this section we write down for each of the the Jacobian algebras P(Q(i),W (i)) with
i = 1, . . . , 4 (see Figure 1) a Galois covering. We proceed as follows: We first verify
that the Jacobian ideal J ′(W (i)), see Remark 2.4.1, of the path algebra KQ(i) is
admissible. As a byproduct we obtain the dimension vectors of the indecomposable
projectives. We display them according to the shape of the quiver, and highlight
the entry which corresponds to the top of the corresponding projective.
Next, if we assign to the arrows of Q(i) which point from left to right degree
1, and degree 0 to the remaining arrows, KQ(i) becomes naturally Z-graded and
W (i) ∈ KQ(i) is homogeneous of degree 1. Thus the cyclic derivatives ∂aW
(i) for
a ∈ Q
(i)
1 are also homogeneous. We conclude that KQ
(i)/J ′(W (i)) = P(Q(i),W (i))
is Z-graded. It is now straightforward to write down the Galois covering mentioned
in Remark 2.3.1 as a quiver with relations: Q˜
(i)
0 = Q
(i)
0 × Z, Q˜
(i)
1 = Q1 × Z with
s(a, z) = (s(a), z) and t(a, z) = (t(a), z+deg(a)) for all a ∈ Q
(i)
1 and z ∈ Z. Thanks
to our observation that KQ(i)/J ′(W ) = P(Q(i),W (i)) the defining relations for
the covering are just the obvious “lifts” of the cyclic derivatives ∂aW
(i) with a ∈
Q
(i)
1 . Given the easy structure of the dimension vectors of the indecomposable
preprojective modules over the Jacobian algebra, it is easy to derive the dimension
vectors of the indecomposable projectives of the Galois covering. This will be useful
in the next section where we identify those Galois coverings as iterated tubular
algebras.
3.2. Case (3, 3, 3). We consider the quiver with potential (Q(1),W (1)) from Fig-
ure 1. The dimension vectors of its indecomposable projective modules over the
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corresponding (fake) Jacobian algebra are as follows:
0 0
0 0
1 1
0 0
,
1 1
0 0
1 1
0 0
,
0 0
1 1
1 1
0 0
,
0 0
0 0
1 1
1 1
,
1 0
1 0
2 1
1 0
,
0 1
1 0
1 1
1 0
,
1 0
0 1
1 1
1 0
and
1 0
1 0
1 1
0 1
From the considerations in 3.1 we obtain the following Galois covering:
ss
ss
ss
ss
✁
✁
✁✁☛
✁
✁
✁✁☛   ✠
 
 ✠
❅
❅■
❅
❅■
 
 ✠❅
❅■
❆
❆
❆❆❑
b c
e f
hi
k l
m
ss
ss
ss
ss
✁
✁
✁✁☛
✁
✁
✁✁☛   ✠
 
 ✠
❅
❅■
❅
❅■
 
 ✠❅
❅■
❆
❆
❆❆❑
✛
✛
✛
✛
a
b c
d
e f
g
hi
j
k l
m
ss
ss
ss
ss
✁
✁
✁✁☛
✁
✁
✁✁☛   ✠
 
 ✠
❅
❅■
❅
❅■
 
 ✠❅
❅■
❆
❆
❆❆❑
✛
✛
✛
✛
a
b c
d
e f
g
hi
j
k l
m
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
In this diagram the dotted lines indicate zero relations or commutativity rela-
tions. In addition to these relations, all the squares commute.
3.3. Case (2, 2, 2, 2;λ). We consider the quiver with potential (Q(2),W
(2)
λ ) from
Figure 1. An easy calculation shows: every path of length 4 belongs to J (W
(2)
λ );
the same is true for paths of length 3 which are not cycles.
The dimension vectors of the indecomposable projective modules over the cor-
responding (fake) Jacobian algebra are as follows:
2 1 1
0 1 1
,
0 1 1
2 1 1
,
1 2 1
1 0 1
,
1 0 1
1 2 1
,
1 1 2
1 1 0
and
1 1 0
1 1 2
,
From the considerations in 3.1 we obtain the following Galois covering:
s
s
s
s
s
s
✛✛
✛✛
 
 
  ✠
 
 
  ✠ ❅
❅
❅❅■
❅
❅
❅❅■
a b c
d
e
f
g
h
i
j k l
✛
✛
 
 
  ✠ ❅
❅
❅❅■
s
s
s
s
s
s
✛✛
✛✛
 
 
  ✠
 
 
  ✠ ❅
❅
❅❅■
❅
❅
❅❅■
a b c
d
e
f
g
h
i
j k l
✛
✛
 
 
  ✠ ❅
❅
❅❅■
s
s
s
s
s
s
✛✛
✛✛
 
 
  ✠
 
 
  ✠ ❅
❅
❅❅■
❅
❅
❅❅■
a b
d
e
f
g
j k
. . .
. . .
. . .
. . .
In which all the squares commutes up to possibly a factor λ.
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3.4. Case (4, 4, 2). . We consider the quiver with potential (Q(3),W (3)) from Fig-
ure 1: The dimension vectors of its indecomposable projective modules over the
corresponding (fake) Jacobian algebra are as follows:
1
1 1
1 1 1
1 1
1
,
1
1 1
1 1 0
1 0
0
,
0
1 0
1 1 0
1 1
1
,
1
1 0
1 0 0
0 0
0
,
0
1 1
1 2 1
1 1
0
,
0
0 0
1 0 0
1 0
1
,
0
1 1
1 1 0
0 0
0
,
0
0 0
1 1 0
1 1
0
and
0
0 0
1 1 1
0 0
0
.
From the considerations in 3.1 we obtain the following Galois covering:
ss s
ss
s
ss
s
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
a b
d e f g
j k l m
o p
ss s
ss
s
ss
s
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
a b
d e f g
j k l m
o p
ss s
ss
s
ss
s
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
a b
d e f g
j k l m
o p
✏✮
P✐
✏✮
P✐
c
h
i
n
✏✮
P✐
✏✮
P✐
c
h
i
n
. . .
. . .
. . .
. . .
. . .
. . .
In this diagram the dotted lines indicate zero relations. In addition to these rela-
tions, all the squares commute.
3.5. Case(6, 3, 2). We consider the quiver with potential (Q(3),W (3)) from Fig-
ure 1. The corresponding Jacobian algebra P(Q(4),W (4)) is finite dimensional, the
dimension vectors of its indecomposable projective modules are as follows:
0 1
0 1
1 0
1 0
0 0
,
1 0
1 1
1 1
1 1
1 0
,
0 0
1 0
1 0
0 1
0 1
,
1 0
1 1
1 0
1 0
0 0
,
0 0
1 0
1 0
1 1
1 0
,
1 1
1 1
0 0
0 0
0 0
,
0 0
1 1
1 1
1 1
0 0
,
0 0
0 0
0 0
1 1
1 1
,
0 0
1 1
0 0
0 0
0 0
and
0 0
0 0
0 0
1 1
0 0
,
From the considerations in 3.1 we obtain the following Galois covering:
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s
s
s
ss
s
ss
s s
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
b c d
f g h
j k l
n o p
s
s
s
ss
s
ss
s s
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
b c d
f g h
j k l
n o p
✛
✛
✛
✛
✛
a
i
q
e
m
s
s
s
ss
s
ss
s s
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
 
 ✠
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
❅
❅■
b c d
f g h
j k l
n o p
✛
✛
✛
✛
✛
a
i
q
e
m
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
. . .
In this diagram the dotted lines indicate zero relations. In addition to these relations
all the squares commute.
4. Iterated tubular coverings
4.1. We show in this section that the four Galois coverings constructed in Section 3
are iterated tubular in the sense of de la Pen˜a and Tome´ [6]. We will use the
characterization of iterated tubular algebras from Section 2.2. To this end we will
use Proposition 2.1.3 in order to identify the relevant extension modules as simple
regular modules. This is more or less the strategy from [14, Sec. 2] where the
authors show that the repetitive algebra of a canonical algebra of tubular type is
iterated tubular.
4.2. Covering of P(Q(1),W (1)). We are dealing with the covering described in
Section 3.2. Consider the following tame concealed algebra, which is of tubular
type (2, 2, 2), [18, pages 365–366]:
r
r
r
rr
✁
✁
✁☛  ✠ ❅❅■
  ✠❅❅■
❆
❆
❆❑
Figure 2.
Consider the modules with dimension vectors:
(4.1)
0
1
1 1
1
,
1
0
1 1
1
and
1
1
1 1
0
Applying the Coxeter transformation we see that:


0
1
1 1
1

Φ =
1
0
0 0
0
,


1
0
0 0
0

Φ =
0
1
1 1
1
;
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

1
0
1 1
1

Φ =
0
1
0 0
0
,


0
1
0 0
0

Φ =
1
0
1 1
1
;


1
1
1 1
0

Φ =
0
0
0 0
1
,


0
0
0 0
1

Φ =
1
1
1 1
0
; h1 =
1
1
1 1
1
;
Here the vector h1 is the positive generator of the radical of the quadratic form
of the quiver with relations in Figure 2 . By Proposition 2.1.3 the modules with
dimension vectors in (4.1) are simple regular modules in different tubes of rank 2.
Applying one-point extensions with these modules we obtain, by [18], the following
tubular algebra of type (3, 3, 3):
rr
rr
rr
rr
✁
✁
✁☛
✁
✁
✁☛   ✠  ✠
❅❅■
❅❅■
  ✠❅❅■
❆
❆
❆❑
Now, in the above figure we find the following tame concealed subcategory, which
is of tubular type (3, 3, 2) (tame concealed of type E˜6) [18, pp. 365–366]:
rr
rr
rr
r
✁
✁
✁☛  ✠
❅❅■
❅❅■
  ✠
❆
❆
❆❑
Figure 3.
We consider the (simple) module with dimension vector:
(4.2)
0 0
0 0
1
0 0
Applying the Coxeter transformation we see that:

0 0
0 0
1
0 0

Φ =
1 1
1 1
2
1 1
and


1 1
1 1
2
1 1

Φ =
0 0
0 0
1
0 0
; h2 =
1 1
1 1
3
1 1
Here, the vector h2 is the positive generator of the radical of the quadratic form
of the quiver with relations in Figure 3. By Proposition 2.1.3, the module with
dimension vector in (4.2) is a simple regular module in a tube of rank 2. The one-
point extension with this module is, by [18], the following tubular algebra of type
(3, 3, 3):
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rr
rr
rr
r
✁
✁
✁☛  ✠
❅❅■
❅❅■
  ✠
❆
❆
❆❑
r✛
Now in the above figure, we find the following tame concealed subalgebra, which
is of tubular type (2, 2, 2), (in fact, this is an hereditary algebra of type D˜4) [18,
pages 365–366]:see Figure 4
r
r
r
r
✁
✁
✁☛  ✠
❅❅■
r✛
Figure 4.
Consider the modules with dimension vectors:
(4.3)
1
0
1 1
0
,
0
1
1 1
0
and
0
0
1 1
1
Applying the Coxeter transformation we see that:


1
0
1 1
0

Φ =
0
1
1 0
1
,


0
1
1 0
1

Φ =
1
0
1 1
0
;


0
1
1 1
0

Φ =
1
0
1 0
1
,


1
0
1 0
1

Φ =
0
1
1 1
0
;


0
0
1 1
1

Φ =
1
1
1 0
0
,


1
1
1 0
0

Φ =
0
0
1 1
1
; h3 =
1
1
2 1
1
.
Here the vector h3 is the positive generator of the radical of the quadratic form
of the quiver with relations in Figure 4. By Proposition 2.1.3, the modules with
dimension vectors in (4.3) are simple regular modules in different tubes of rank 2.
Applying one-point extensions with these modules we obtain, by [18], the following
tubular algebra of type (3, 3, 3):
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r
r
r
r
✁
✁
✁☛  ✠
❅❅■
r
r
r
r
✁
✁
✁☛  ✠
❅❅■✛
✛
✛
✛
Now in the above figure we find the following tame concealed subalgebra, which
is of tubular type (3, 3, 2), (in fact, this is an hereditary algebra of type E˜6) [18,
pp. 365–366]: see Figure 5
r
r
r
r
r
r
r
✁
✁
✁☛  ✠
❅❅■✛
✛
✛
Figure 5.
Consider the module with dimension vector:
(4.4)
0 1
0 1
2
0 1
,
Applying the Coxeter transformation we see that:


0 1
0 1
2
0 1

Φ =
1 1
1 1
1
1 1
,


1 1
1 1
1
1 1

Φ =
0 1
0 1
2
0 1
; h4 =
1 2
1 2
3
1 2
.
Here the vector h4 is the positive generator of the radical of the quadratic form
of the quiver with relations in Figure 5. By Proposition 2.1.3, the module with
dimension vector in (4.4) is a simple regular module in a tube of rank 2. The one-
point extension with this module is, by [18], the following tubular algebra of type
(3, 3, 3):
r
r
r
r
r
r
rr
✁
✁
✁☛  ✠ ❅❅■
  ✠❅❅■
❆
❆
❆❑
✛
✛
✛
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In the above figure, we find the same subalgebra of tubular type (2, 2, 2, 2) as
the one in Figure 2. So, this Galois covering is an iterated tubular algebra in the
sense of de la Pen˜a-Tome´ [6]
4.3. Covering of P(Q(2),W
(2)
λ ). We are dealing with the covering described in
Section 3.3. This case is well-known, we include it for completeness.
Consider the following tame concealed (in fact hereditary) algebra, which is of
tubular type (2, 2), [18, pp. 365–366]:
s
s
s
s
✛
✛
 
 
  ✠ ❅
❅
❅❅■
Figure 6.
The vector
(4.5) h5 =
1 1
1 1
is the positive radical generator for the hereditary algebra from Figure 6. We have
an obvious one parameter family (Mλ)λ∈K\{0} of indecomposable (simple regular)
modules with this dimension vector. One point extension with M1 and Mλ yields
by [18] a tubular algebra of type (2, 2, 2, 2) with the following quiver:
r
r
r
r
r
r
✛
✛
✛
✛
 
 
 ✠
 
 
 ✠❅
❅
❅■
❅
❅
❅■
Remark 4.3.1. In the above figure three squares commute, and fourth one commutes
up to a factor λ.
This tubular algebra is also a cotubular algebra of a hereditary algebra of tubular
type (2, 2), isomorphic to the one in Figure 6. We conclude by Section 2.2 that this
Galois covering is an iterated tubular algebra in the sense of de la Pen˜a-Tome´ [6].
Notice that in this case we are dealing with a self-injective Galois covering.
4.4. Covering of P(Q(3),W (3)). We are dealing with the covering described in
Section 3.4. Consider the tame concealed algebra of tubular type (4, 2, 2) which is
displayed in Figure 7, [18, pages 365–366]:
By the same kind of argument as in the previous cases we see that the indecom-
posable modules for this quiver with relations and with dimension vectors:
(4.6) u1 =
1
1 1
1
1 1
1
, and v1 =
0
0 0
1
0 0
0
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r
rr
r
rr
r
❅❅■
❅❅■
❅❅■
❅❅■
  ✠
  ✠
  ✠
  ✠
Figure 7.
are simple regular and belong to the same tube of rank 2. One point extension with
these two modules yields the following tubular algebra of type (4, 4, 2):
r r
rr
r
rr
r
r❅❅■
❅❅■
❅❅■
❅❅■
❅❅■
  ✠
  ✠
  ✠
  ✠
  ✠
✏✮
Now, in the above figure we find the following tame concealed subalgebra, which
is of tubular type (3, 3, 2), [18, pp. 365–366]:
r r
r
r
r
r
r
❅❅■
❅❅■
❅❅■  ✠
  ✠
  ✠
✏✮
Figure 8.
The indecomposable modules with dimension vectors:
(4.7) u1 =
0
1
1 0 1
0
0
and v1 =
0
0
1 0 1
1
0
are simple regular in different tubes of rank 3.
Applying one-point extensions with these modules we obtain, by [18], the fol-
lowing tubular algebra of type (4, 4, 2):
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r r
r
r
r
r
r
r
r
❅❅■
❅❅■
❅❅■  ✠
  ✠
  ✠
✏✮
✏✮   ✠
❅❅■
P✐
Now, in the above figure we find the following tame concealed (in fact hereditary)
subalgebra, which is of tubular type (3, 3), [18, pages 365–366]:
r
r
r
❅❅■
  ✠
r
r
r
  ✠
❅❅■
✏✮
P✐
Figure 9.
Consider the modules with dimension vectors:
(4.8) u1 =
1 1
1 1
1 1
, v1 =
0 1
0 1
0 0
and w1 =
0 0
0 1
0 1
The indecomposable module with dimension vector u1 (in 4.8) is a simple module
in a tube of rank 1, and the modules with dimension vectors v1 and w1 (in 4.8) are
simple regular modules in different tubes of rank 3. Applying one-point extensions
with these modules we obtain the following tubular algebra of type (4, 4, 2):
r
r
r
❅❅■
  ✠
rr
r
r
r
r
❅❅■
❅❅■
❅❅■
  ✠
  ✠
  ✠
✏✮
P✐
P✐
Now, in the above figure we find the following tame concealed subalgebra, which
is of tubular type (3, 3, 2), [18, pp. 365–366]:
Consider the indecomposable modules with dimension vectors:
(4.9) u1 =
1
1
0 1 1
1
0
and v1 =
0
1
0 1 1
1
1
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r rr
r
r
r
r
❅❅■
❅❅■
❅❅■
  ✠
  ✠
  ✠
P✐
Figure 10.
They are simple regular modules in different tubes of rank 3. Applying one-
point extensions with these modules we obtain the following tubular algebra of
type (4, 4, 2):
r rr
rr
r
rr
r
❅❅■
❅❅■
❅❅■❅❅■
❅❅■
  ✠
  ✠
  ✠
  ✠
  ✠
P✐
In the above figure, we find the same subalgebra of tubular type (4, 4, 2) as in
Figure 7. So, this Galois covering is an iterated tubular algebra in the sense of de
la Pen˜a-Tome´ [6].
4.5. Covering of P(Q(4),W (4)). We are dealing with the covering described in
Section 3.5. Since it is similar to the other cases, we skip most of the details, and
display only the relevant sequence of tame concealed and tubular subalgebras.
We start with a tame concealed algebra A0, which is of tubular type (4, 2, 2),
see Figure 11. A0 admits a tubular extension Λ1 of type (6, 3, 2), see Figure 12.
r
r r
r
r r
r
  ✠
  ✠
  ✠
  ✠❅❅■
❅❅■
❅❅■
❅❅■
Figure 11. A0 tame concealed of tubular type (4, 4, 2)
Now, Λ1 is a tubular coextension of a tame concealed subalgebra A1, which is of
tubular type (4, 3, 2), see Figure 13. Next, A1 admits the tubular extension Λ2 of
of type (6, 3, 2), see Figure 14. Λ2 is a tubular coextension of the tame concealed
subalgebra A2, which is of tubular type (4, 2, 2), see Figure 15.
A2 admits a tubular extension Λ3 of type (6, 3, 2), see Figure 16.
Λ3 is tubular co-extension of the tame concealed subalgebra A3 which is of
tubular type (4, 3, 2), see Figure 17. A3 admits a tubular extension Λ4 of type
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r
r
r
rr
r
rr
r r
  ✠
  ✠
  ✠
  ✠
  ✠
  ✠
❅❅■
❅❅■
❅❅■
❅❅■
❅❅■
❅❅■
Figure 12. Λ1 tubular of type (6, 3, 2)
r r
r
r r
r
r r
  ✠
  ✠
  ✠
  ✠
❅❅■
❅❅■
❅❅■
❅❅■
Figure 13. A1 tame concealed of tubular type (4, 3, 2)
r r
r
r r
r
r r
  ✠
  ✠
  ✠
  ✠
❅❅■
❅❅■
❅❅■
❅❅■
r
r✛
✛
Figure 14. Λ2 tubular of type (6, 3, 2)
r
r
r
r
r
  ✠
  ✠
❅❅■
❅❅■
r
r✛
✛
Figure 15. A2 tame concealed of type (4, 2, 2)
(6, 3, 2), see Figure 18.
Finally, Λ4 is a cotubular extension of a subalgebra A4 of type (4, 2, 2) which is
equivalent to A0 and we can repeat the sequence of extensions. We conclude that
this covering is iterated tubular.
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r
r
r
r
r
  ✠
  ✠
❅❅■
❅❅■
r
r
r
r
r
  ✠
  ✠
❅❅■
❅❅■
✛
✛
✛
✛
✛
Figure 16. Λ3 tubular of type (6, 3, 2)
r
r
r
r
r
r
r
r
  ✠
  ✠
❅❅■
❅❅■
✛
✛
✛
Figure 17. A3 tame concealed of tubular type (4, 3, 2)
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Figure 18. Λ4 tubular of type (6, 3, 2)
5. Proof of Theorem 1
First, we observe the following consequence of our considerations: Each of Jaco-
bian algebras associated to the quivers with potentials (Q(1),W (1)), (Q(2),W
(2)
λ ),
(Q(3),W (3)) and (Q(4),W (4)) is tame of polynomial growth.
Indeed, from Section 4 we know that each of these algebras has a Galois covering
which is an iterated tubular algebra. In particular these coverings are tame of
polynomial growth by [6, Section 2.4], see also 2.2. Moreover, each of these Galois
coverings is defined in terms of a free Z-action. Thus, by Theorem 2.3.2, our claim
follows.
Now, by Proposition 2.5.2, the endomorphism ring of each basic cluster tilting
object in a tubular cluster category is given by a non-degenerate potential, and
for a fixed tubular type all these algebras are connected via finite sequences of QP
mutations. By [13, Thm. 3.6] and the above observation it follows now that all
these algebras are tame of polynomial growth. Note, that for a single mutation
under the corresponding mutation operation for representations [4, Sec. 10] only
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one component of the dimension vector changes. Moreover, it is easy to write down
an upper bound for this new component which depends linearly on the dimension
vector. With this observation it is straight forward to sharpen the proof of [13,
Thm. 3.6] in the sense that QP-mutation preserves even polynomial growth for
tame algebras. This concludes the proof of Theorem 1.
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